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COMPARSION OF SOLUTIONS OF SECOND ORDER LINEAR
DIFFERENTIAL EQUATIONSWITH CONSTANT COEFFICIENTS

Marcel ABAS

Abstract

In this contribution we compare solutions of secander linear differential equations
with constant coefficients with respect to the fafright-hand side of the equation and to
the form of initial or boundary conditions. We wske that some types of such differential
equations one can resolve by the method of vanaifoconstants and it is not possible solve
them by Laplace transform. On the other hand, safi¢hem are solvable by Laplace
transform and are unsolvable by the method of vimaof constants. The reason for the
comparison is to show that the students of autmnatiave to know both ways of solving
linear differential equations with constant coa#ius.
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Introduction
Consider the following problem: solve linear ditatial equation of second order
y'(t)+ay'(t)+a,y(t) = olt) a,a,00 (1)

with either initial conditionsy(t,)=a,y'(t,)=b or with boundary conditions of the form
y(t,)=a,y(t,)=b or y(t,)=a,y'(t,)=b or y'(t,) =a y'(t,) = b. The right-hand side of (1) -
the function g(t) - can by continuous as well as discontinuous (Grw). It is well
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known, that one can solve the differential equatignthe method of variation of constants
only if the function g(t) is continuous (and it is impossible to use thehtmiat\Nhenevelg(t)

is discontinuous). On the other hand, one can stilgeequation with the help of Laplace
transform only when the initial conditions are giv@nd it is not possible to use the method
when boundary conditions are given). In the next,p@ge show the examples of solving the
differential equation in various cases.

Problem solution

Problem 1: Solve the differential equatioy” + 4y =t>+ tyith boundary conditions
(T
y(0)=1 y [Ej =0.

Solution: The equation is an inhomogeneous linear diffea¢etjuation of second order with
- n . :
constant coefficients. Becaude > we cannot solve the equation with the help oflae@

transform. Firstly, we solve the homogeneous difidial equationy” + 4y =0 to obtain the
general solution (complementary function) of thanlegeneous differential equation. The
characteristic equation 8’ +4= @0 A, = 2,4, =-2i. It follows that the two linearly
independent solutions of the homogeneous diffemenéiquation arey, =cos2t and

y, =sin2t and SO complementary function is of the form
Y. = ¢y, +C,Y, =C, COS2t +C, Sin2t.

The right-hand side of the original equation hapecial forrrg(t) =t?+1, so we can use the
method of undetermined coefficients. Because timetion g(t) is a polynomial of degree
two and zero is not aroot of the characteristiciadign, the particular solution of the
inhomogeneous equation will be of the foyy = at® + bt + ¢ with undetermined coefficients

a,b,c. Substituting y, =at’ +bt+c and y, =2a into the original equation we obtain

a=%,b=o,c=%. The general solution of the inhomogeneous equatiathe sum of the

complementary function and the particular soluti®o.

Yg = Ye tY, =CCOS2 +C,sin2t +%t2 +%,

wherec, andc, are arbitrary real numbers. To obtain the coedffitsc, andc, (for given
boundary conditions) we have to derivate the fuimgfj;:

Yy = —2¢,sin2t + 2c, cost +%t.
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Substituting y(0) =1 and y(gj =0 onto y, (t) and Yq (t), we getc, :g, C, :g and the

solution of the equation with boundary conditions G{O;g> is the function

y(t) = Lcosot+ Rsinot + 147 + L.
8 8 4 8

Problem 2: Solve the differential equatiog” -3y’ +2y = g(t), where the functiorg(t) is

. 0fortO(-o0) JLoo) - g
iven by: git , with the initial conditionsy(0) =0, y'(0) =
g yg(){ Lfort (03 y(0)=0,y(0)
Solution: Because the function is not continuous (6rw), we cannot use the method of
variations of constants. Instead, we have to stiigeequation with Laplace transform. For the
originals y",y,y and g(t) we obtain the following images:L[y(t)]=Y(p),

Lly'(t)] = pLy(t)]- y() pY(p), l[y"]—pzl[y()] py(0)-y'(0)= p*¥(p)-1 and

Lg(t)] = jg() p‘dt—jll]‘e ptdt+j0[da“”dt—je ptdt——l[e = p(l e’)

Substituting onto the differential equation we &TY (p) —1)—3pY(p)+ 2Y(p) = %(1—e‘p),

: : : : p+1 e’
from which we obtain the image of the solutiwfp)= - :
p(p-1fp-2) p(p-1(p-2)
After partial fraction decomposition, we will have
-P -P P
E—l1 2D —D o 1E€ + 8 1De . The solution of the differential

p-1 2 p-2 2 p p-1 2 p-2
equatlon y(t) is the original of Y(p) So, for y(t) we have

yt)= L Y(p)] == -2¢' +e %ﬂ(t -1)+€e 7t —1)—%ez(t"1)/7(t ~1) or equivalently

Problem 3: Solve the differential equatiory” -3y’ +2y=t>+ 1yith initial conditions

y(0)=0, y(0)=

Solution: The equation is an inhomogeneous linear diffea¢etjuation of second order with
constant coefficients. Because the right-hand sflethe equation is continuous and,
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additionally, it is of a special type, we can sotlie equation with the Laplace transform as
well as by the method of undetermined coefficients.

a) Method of undetermined coefficients. We solve the homogeneous differential equation
y"-3y'+2y=0. The characteristic equation ¥ —-31+2=With the rootsA, =1 and

A, = 2. The two linearly independent solutions of the hgemeous differential equation are
y, =€' andy, =€” .The complementary function ig. =cy, +c,y, = ge' + c.e”.

The right-hand side of the original equation hapecial forrrg(t) =t?+1, so we can use the

method of undetermined coefficients. As in the pgob 1, the right-hand side of the
differential equation is a polynomial of degree tamd zero is not a root of the characteristic
equation. So, the particular solution of the inhgemeous equation will be again of the form

Y, = at’ +bt+c with undetermined coefficientsa b ¢, Substituting Yy, = at® +bt+c,

y, =2at+b and y, =2a into the original equation we obtaiazé,b:g,cz% The
general solution is the inhomogeneous equalipr y, +y, = ge +022t +%t2 +gt +%, (o}

and c, in O . Substituting the initial conditionsy(0)=0, y'(0)=0 into yg(t) and
Yq (t)= ge' +2¢,e* +t+g we obtain the solution of the differential equatiwith initial
conditions y(t) = —3¢' N PLIE I

4 2 2 4

b) Laplace transform: For the originalsy”,y’,y and t*>+ 1 we obtain the images:
Lly(e)]=Y(p), Ly )] = pL]y(t)] - y(0) = pY(p),
L]y"] = p2L]y(t)]- py(0)- y'(0) = p?Y(p) and L[tz +1]=%+£. Substituting onto the
2
=+

differential equation we gep?®Y(p)-3pY(p)+2Y(p)= 0

. So, the image of the

'O|I—‘.c

p*+2
p*(p-1)
1 3 1

form Y gG£+§El£2+i 30 + -0 . The solution of the differential
4 p 2 p p p-1 4 p-2

equation y(t) is the original of Y(p) So, for y(t) we have
_ 9 3 1., 3, 9
0= L= Zt

solution Y(p) After partial fraction decomposition we get theaige in the

-2)

'O

Yot .3
[-E—+— 3e' et =3+ + St + St + =,
r 2 4 4 2 2 4

N w
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Results and discussions

In the previous section we have seen that the rdstbbsolution of second order linear
differential equation depend on the form of théatigand side and on the types of conditions
setting on solutions. We showed solutions in soaréiqular cases.

Conclusion

Dynamical systems (which are one of main objecthénarea of operations resegraan
be described by differential equations of variouslecs. Frequently, such a differential
equation is ann- th order homogeneous linear differential equatwith constant
coefficients. Looking for a reaction of the system input function, students of automation
often have to solve such (inhomogeneous) equatlonggard to the form of the right-hand
side (input function) and on the type of startimmpditions they have to know both ways of
solving linear differential equations with constaaefficients — the method of variation of
constants and Laplace transform. In this contrdsytive showed how such equation can look
like and how to solve it.

Acknowledgements

This paper has been supported by\«5A grant No. 1/0068/08.

References:

[1] KLUVANEK, 1., MISIK, L., SVEC, M. Matematika pre Stadium technickych vied, II. diel.
Bratislava: SVTL, 1965.

[2] MORAVSKY, L., MORAVCIK, J., SULKA, R.Matematick& analyza (2)Bratislava: Alfa, 1992.

[3] ROVDER, JVybrané state z matematikfratislava: Slovenska vysoka Skola technicka,
1986.

Reviewers:

Pavel Hic, Assoc. Professor, PhD. - Department athigmatics and Informatics, Faculty
of Education, Trnava University in Trnava

Rébert Vrabg, Assoc. Professor, PhD. - Department of Mathemmalitstitute of Applied
Informatics, Automation and Mathematics, Facultyaterials Science and Technology in
Trnava, Slovak University of Technology Bratislava

155



156



