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Abstract

The paper deals with a certain class of nonautonomous ordinary third-order nonlinear
differential equations L,y = f(t,L,y,L,y,L,y) with quasi-derivatives. A criterion of asym-

ptotic stability in Liapunov sense as well as a criterion of instability in Liapunov sense is
derived. The results are illustrated by two examples.
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Introduction

In the frame of Control Theory, Palumbiny in (5) derived stability criteria of certain class
of third-order nonlinear differential equations with so called quasi-derivatives (see the text
below). Then we stated such results for autonomous nonlinear 3-rd equations (see (7)). The
main aim of the presented article is to establish similar criteria for another class of third-order
nonlinear differential equations with quasi-derivatives. Our paper deals with
a criterion of asymptotic stability as well as instability, both in Liapunov sense, of a null
solution 0 of the nonautonomous nonlinear third-order differential equations with the quasi-
derivatives

[L] Ly =f(t.Ly.LyLy),

where (the prime means a derivative owing to the variable t)
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Loy (t) = y(b),

Ly(t) = p. (1) (Loy (1))
L,y(®) = p,(t)(Ly(®)
Ly(®) = (Ly@).,

!
k)

!
)

p.(t),i=1 2 are real-valued continuous functions defined on an open interval (b,),
f(t,yl,yz,yg) is real-valued and continuous up to all 2-nd order partial derivatives of the
function f owing to y,, k=2123. A symbol E denotes the set of all real numbers. The
symbol o means the vector (0,0,0). The symbol 0 is, according to a situation, a real number
null or a real null function. The terms L, y(t), k =0,1,2,3 are so called k-th quasi-derivatives
of a function y(t).

We note that we shall use a matrix norm of the form |[{a;};; |l :Zi'j la;|. A set[-11] is

a closed interval with bounds —1, 1. An important contribution of the article consists in the
fact that there are more control parametres in [L]. These parametres are the functions
p; (t), i=12 which enable an user a better control of considered processes described by the
equation [L].

Remark 1. The equation [L] can be expressed more detailed as

[M] (r.0(R0OY) ) = f(ty OV P OCR.OY) )

Now we determine notions concerning the stability resp. instability in Liapunov sense. Let us
consider a general differential system of the first order

y: = f.(t Yy, Y, Ys)
[S] Yo = (LY, Y,.Ys)
y; = f3(1', Vi Yo Y3)

Assumption. Let the system [S] be expressed in a matrix form y’=f(t,y). Throughout the
paper we shall assume an existence of a number b (real or —o) and an area
H < E®, 0 € H such that the function f is continuous on a set G = (b,o0)x H and for every
point (z,k) € G the following Cauchy problem

[1] y' =f(ty), y(z) =Kk,

admits the only solution. We also assume f(t,0) =0 for all t>b, i.e. the Cauchy problem [1]
admits for k =0 the trivial solution defined by a formula o(t) =0 forall t>b.

Definition 1. We say that the trivial solution o of the system [S] is stable in Liapunov sense,
if for every 7>b and every ¢£>0 there exists 6 =06(r,&) >0 such that for every initial

values ke H,| k|<& and for all t>7 it holds that the solution u(t,z,k) of the Cauchy
problem [1] fulfils the following inequality
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[2] ut,z,k) |<e.
Otherwise, the trivial solution o is instable in Liapunov sense.

Definition 2. We say that the trivial solution o of the system [S] is asymptotically stable in
Liapunov sense, if the trivial solution o is stable in Liapunov sense and there exists a real
number A >0 such that for all ke H, || k|l<Aand every 7 > b it holds that

lim||u(t, z,k) ||~ 0.

Definition 3. A special type [T] of the system [S] of the form

y1' = y2/ pl(t)
[T] Y2 = Y3/ P,(t)
yé = f(t, Yir Yo ys)

is called a competent system to the equation [L].

Remark 2. We recall an important property of the system [T] which consists in a fact that
a function u(t) is a solution of [L] if and only if a vector (u(t),Lu(t),L,u(t)) is a solution of

[T].

Definition 4. Let [L] be such an equation that the function 0 is a solution of [L] on (b,<0).
Then, according to Remark 2, the vector (0,0,0) is a solution of [T]. We say 0 is a stable
solution of [L] in Liapunov sense, if (0,0,0) is a stable solution of [T] in Liapunov sense.
Otherwise, 0 is an instable solution of [L] in Liapunov sense.

Definition 5. Let [L] be such an equation that O is a solution of [L] on (b,c). Then,
according to Remark 2, the vector (0,0,0) is a solution of [T]. We say 0 is an asymptotically
stable solution of [L] in Liapunov sense, if (0,0,0) is an asymptotically stable solution of [T]
in Liapunov sense.

The main aim of the paper is to establish the criteria, which assure the asymptotic stability as
well as instability of the null solution 0 of the equation [L]. If we put p,(t)=1 on

(b,), k=1,2 in [L], we obtain a differential equation with classic derivatives. We note that
the functions p, (t), k=12 are not, in general, assumed to be differentiable. From this it

follows that we cannot use on [L] stability criteria derived for nonlinear differential equations
with classic derivatives.

Auxiliary assertions
Now we introduce some auxiliary assertions which are significant for our considerations. The

first of them is the special case of the wellknown Hurwitz criterion when n=3(see (2),
Chapter 9 or (3)):
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Theorem 1. Let us consider a polynomial
[3] b,s® +b,s* +b;s+hby,

where b, i=0,1,2,3 are real numbers such that b, >0,b,#0. Then all zeros of the
polynomial [3] admit negative real parts if and only if it holds that

[4] b, >0,
[5] b1b2 - bobs > O’
[6] b,b,b, —b,b? > 0.

The second assertion deals with asymptotic criteria of stability in Liapunov sense for systems
of differential equations of the first order (see (1), Chapter 13 or (4)):

Theorem 2. Let us consider a system of differential equations of the first order expressed in
the following matrix form

[7] X" = Ax +B(t)x +9(t,x), g(t,0) =0,

where A is a real constant square matrix, B(t) is a real square matrix depending on t only,
such that

3] limB() =0,

where 0 is a null matrix and g a real vector function continuous on an area (b,«)x H, where
b € E, satisfying a condition

9] tim 199N _ g niformiy for all t > b,
B0 || x|
Then:
[i] If all eigenvalues of A have negative real parts, then the trivial solution o of [7] is

asymptotically stable in Liapunov sense.

[ii]  If at least one of eigenvalues of A has a positive real part, then the trivial solution o
of [7] is instable in Liapunov sense.

Theorem 3. Let lim 9182 _ g unigormiy for all t2b as well as et 1jm 198X _g
Mo ] x| G
uniformly for all t>b. Then ||!<|i|m0(” g|l|(t’|)|() | + | g|2|(t,”x) ||j:0uniformly forall t>b.

Proof. The proof immediately follows from the fact, that a norm of sum of two functions is
less than or equal to sum of norms of these functions forany t>b.

Results

Now we shall prove the first main result of the paper — the criterion of asymptotic stability of
the null solution 0 in Liapunov sense of the differential equation [L]:
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Theorem 4. Let us consider the differential equation [L] such that

[a] !im p,(t)=a,>0,i=12.
Let w=(wW,,W,,w,). Ifit holds that
[b] lim £ (t, wi,w,, W) = (o0, W, W, W),

of of of of of
c —— (0, 0) <0, — (o0, 0) < 0, 8, — (90, 0) —— (o0, 0) + — (0, 0) > 0,
[c] aWl(oo ) aW3(0O ) alawz(oo )8Ws(oO ) éawl(oo )
[d] lim [ Ftwa, Wy, W) = f(oo’Wl'WZ’W3)l=0 uniformly for t e (b,),

Il -0 | wi|
then the null solution 0 of [L] on (b,0) is asymptotically stable in Liapunov sense.
Proof. The equation [L] can be expressed in the form

Loy = f (oo, Loy, Ly, L)+ (t Loy, Ly, L) = f (oo Loy, LY, Ly)l

The null solution 0 is, according to Definition 5, asymptotically stable in Liapunov sense, if
the solution o of the system [T] is asymptotically stable in Liapunov sense, where [T] is
expressed in the form [U], where

[U] w' = Aw + B(t)w+g(t,w), g(t,0)=o0,
and
0, i, 0
w, W, 0 8
w=|w, | w=lw| o=[o, A= o 0, 1
a
W W, 0 2
: s i(oo’o)’ i(oo1o), i(w,o)
| oW, oW, OW, ]
01 1 _il
p(t) &
1 1
B(t): 01 0! - g(t!W):gl(t!W)+gz(t’W)!
p.(t) a,
0, 0, 0
0 0
gl(t’W): 0 ) ’ gz(t,w): 0
1 w, 0 +W, 0 + W, 0 f (o0, ®W)) F{t.w) - T (e0,w)
| 2 ow, ow, oW, |

where we used on the function g,(t,w) which does not depend on the variable t the
Taylor’s theorem with the remainder in the Lagrange’s form as k =2, 0 <® <1. Then
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2
|0|+|0|+l[w1 0 +W, 0 +W, J f (c0, OW)
o< 0w Lo ; i <
w] W+ W |+ [ |
1 1021 10%f 16%f
[10] S|W1|+|W2|+|W3|(58W12 (00, OW)W/ [+ |= 22(oo,®W)W22 +|= 32(o<>,®w)w§+

O (o, 0m) T eow) T (o 0w) J
+ o0, W)W, W, | + o0, W )W, W, | + o0, W)W, W.

8W18\N2 1%%2 ) , 1%%3 , , 273

Without loss of generality, we can assume that (w,,w,,w,) e[-1,1]°. From this and from the
continuity of all 2-nd order partial derivatives of the function f it follows that there exists
a positive real constant K such that

‘15 f o2 f -
[11] (0,0W) <K, k=12, 3, (0,0W) < K, (i, j) = (L2), (13), (2,3)
2 ow; 0w,
forall (w,,w,,w,) e[-11]°. If we use the estimations [11] in the formula [10], we obtain
9. & w)] K 2 2] o2
0< < =
< i < PR |(‘Wl‘+‘W2‘+‘W3‘+|W1W2|+|W1W3|+|W2W3|)

Wi+ |w, W + || LARAA J

=K| —/———————|w. W, | [ < KL W |+ (W, |+ (W, )= K(|w]|.
(|W1|+|Wz|+|Ws|| l* |W1|+|Wz|+|Ws|| it |W1|+|Wz|+|Wa|| ol < e o ] = o
_ (e
e squeeze theorem from Limit Theory yields that W converges to zero as |w|— 0.

This convergence is uniform because the term K (|w;|+|w,|+|w;| ) does not explicitly depend
9. (t.w)]
W
|w||—0. Then Theorem 3 yields that [9] hold. We can easily observe a validity of the

conditions [7], [8] in Theorem 2. The validity of condition [a], [c] assure that the conditions
[4], [5], [6] hold in Theorem 1, where characteristic polynomial of the matrix A is

on the variable t. From [b] as well as [d] we obtain uniformly converges to zero as

s —i(oo, 0)s? —ii(oo, 0)s — i(oo, 0).
a\N3 a2 2 a‘1a2 1
Then Theorem 1 vyields that all the eigenvalues of A have the negative real parts.
Consequently, Theorem 2, the part [i] as well as Definition 5 yield the required stability of the
null solution O of [L].

Example 1. Let us consider the differential equation [L], where p,(t) = 2+%, P, (t) :3—%
and

Ly=f(t Ly, Ly,L y):y—4(1+zj—y—2L1y—3L y.

3 1=0J 1) =2 1+(L2y)2 t 2
Then
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4

f(°°1W1’W2’W3) = !Lrorolf(t,wl,wz,ws) :]__i_(yW_ y_ZLly_3|—2Y-
2

It is obvious that Assumption, mentioned after Remark 1, hold for b =2. An easy computing
yields that the nonlinear differential equation [L] admits the null solution 0 as well as

a=2a,=3 %(oo, 0) =-1, ot

(o0, o)=—2,%(oo, 0)=-3. From this immediately

1 2 3
follows the validity of [a], [b] and [c] in Theorem 4. Then
W14 g ‘W4 max{z}
OS' f(t1W1!W21W3)_ f(w!W11W21W3)| — 1+W32 t ! t=2 t _
[[wi | Wy [+ wy [+ wg | wy [+ [+ w, |
4
_ ‘Wl"l _ |W1| ‘ 3‘<‘ 3‘
1|— 11
[wy [+ 1w, [+ wg | fwy [+ w, [+ w, |
From this immediately follows Ih|Ni|m0| f(t,Wl,Wz,W3|)|— 1|:|(OO’W1’W2'W3)| _0 uniformly for

w

t € (b,0) because of the expression ‘wf“ does not depend on the variable t. Consequently,

the condition [d] in Theorem 4 holds. Then the last mentioned theorem vyields required
stability of the null solution 0 of the equation [L].

Now we shall prove the second main result of the paper — the criterion of instability of the
null solution 0 in Liapunov sense of the differential equation [L]:

Theorem 5. Let us consider the differential equation [L] such that

[a] !LT p(t)=a>0,i=12.

If it hold that

[b] !LT f(t,w, W, w,) = f (o0, W, w,,w,),

[c’] at least one real part of zeros of s® —i(oo, 0)s? _ia (0, 0)s — ! i(oo, 0)
8\/\/3 a2 2 aiaZ 1

is positive,
[d] fim |1 (6 W, Wo) = o0, W, Wo W) | igormiy for t e (b, o0),
M0 | w |

then the null solution 0 of the equation [L] is instable in Liapunov sense.

Proof. The null solution 0 of [L] is, according to Definition 4, instable in Liapunov sense, if
the solution (0,0,0) of the system [U] is instable in Liapunov sense. By the same way as in
the proof of Theorem 4, it can by proved the validity of [9]. We can easily observe the
validity of the conditions [7], [8] in Theorem 2. Then the last mentioned Theorem, the part [ii]
yields the required instability of the null solution 0 of [L].
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Example 2. Let us consider the equation [L], where p,(t) =2 +%, p,(t) = 3—% and

6

y 2
Ly=—"2|1+Z |+(y-2Ly-3L,Y).
3y 4+(L1y)2( J (y 1Y 2Y)
Then
6
f(oo,wl,wz,ws)=ggrgf(t,wl,wz,wa=1+(yw—y—2Lly—3Lzy.

It is obvious that Assumption, mentioned after Remark 1, hold for b =2. An easy computing
yields that the function 0 is the null solution of the differential equation [L] as well as

a, =2a,=3, i(oo,o) =1, i(oo,o) =-2, i(oo,o) =-3. From this immediately
8W1 8W2 a\NS

follows the validity of [a] and [d]. By the same way as in Example 1 it can be proved the

property [c’]. Then the characteristic polynomial of A is

h(s) = s* + 3s? +gs—1.
3 6

There are two possibilities only: 1) h(s) admits three real zeros. Then their product is equal

to 1/6. It means, that all these zeros differ null. If all these zeros were negative, then their
product would be negative, which is a contradiction. 2) h(s) admits one real zero a and two

complex zeros b+ci. Then their product a(b®+c?) equals to 1/6 again. If a<O0, then this

product would be nonpositive. Thus a > 0. Then, owing to Theorem 5, the function 0 is an
instable solution of [L] in Liapunov sense.

Conclusion

The foregoing results can be used for ordinary nonlinear differential equations with
quasi-derivatives. Especially, when the functions p,(t), p,(t) are not differentiable on

a considered interval, where classical stability criteria cannot be used. The differential
equations in applications where the quasi-derivatives have been occurred are, for example, the
differential equations describing a stationary distribution of temperature in a wall of a circle
tube as well as the differential equations of an equilibrium state of a straight mass bar. For
more details see (6).
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