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Abstract 

  

The paper deals with a certain class of nonautonomous ordinary third-order nonlinear 

differential equations  yLyLyLtfyL 2103 ,,,  with quasi-derivatives. A criterion of asym-

ptotic stability in Liapunov sense as well as a criterion of instability in Liapunov sense is 

derived. The results are illustrated by two examples. 
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Introduction 

  

In the frame of Control Theory, Palumbiny in (5) derived stability criteria of certain class 

of third-order nonlinear differential equations with so called quasi-derivatives (see the text 

below). Then we stated such results for autonomous nonlinear 3-rd equations (see (7)). The 

main aim of the presented article is to establish similar criteria for another class of third-order 

nonlinear differential equations with quasi-derivatives. Our paper deals with 

a criterion of asymptotic stability as well as instability, both in Liapunov sense, of a null 

solution 0  of the nonautonomous nonlinear third-order differential equations with the quasi-

derivatives  

 

[L]                                          yLyLyLtfyL 2103 ,,, , 

 

where (the prime means a derivative owing to the variable t ) 
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2,1),( itpi
 are real-valued continuous functions defined on an open interval ),,( b  

 321 ,,, yyytf  is real-valued and continuous up to all 2-nd order partial derivatives of the 

function f  owing to  .3,2,1, kyk
 A symbol E  denotes the set of all real numbers. The 

symbol o  means the vector )0,0,0( . The symbol 0  is, according to a situation, a real number 

null or a real null function. The terms 3,2,1,0),( ktyLk
 are so called k-th quasi-derivatives 

of a function ).(ty   

We note that we shall use a matrix norm of the form .||||}{|| ,, ijjijiij aa  A set ]1,1[  is 

a closed interval with bounds 1,1 . An important contribution of the article consists in the 

fact that there are more control parametres in [L]. These parametres are the functions 

2,1),( itpi  which enable an user a better control of considered processes described by the 

equation [L]. 

 

Remark 1. The equation [L] can be expressed more detailed as 

[M]                                 




 








 

 ytptpytpytfytptp )()(,)(,,)()( 12112 . 

 

Now we determine notions concerning the stability resp. instability in Liapunov sense. Let us 

consider a general differential system of the first order 

 

[S]                                              
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Assumption. Let the system [S] be expressed in a matrix form ).,( yfy t  Throughout the 

paper we shall assume an existence of a number b  (real or  ) and an area 

,3EH  Ho such that the function f  is continuous on a set HbG  ),( and for every 

point G),( k  the following Cauchy problem 

 

[1]                                         ),,( yfy t  ky )( , 

 

admits the only solution. We also assume oof ),(t  for all bt  , i.e. the Cauchy problem [1] 

admits for ok   the trivial solution defined by a formula oo )(t  for all bt  . 

 

Definition 1.  We say that the trivial solution o  of the system [S] is stable in Liapunov sense, 

if for every b  and every 0  there exists 0),(    such that for every initial 

values  ||||, kk H  and for all t  it holds that the solution ),,( ku t  of the Cauchy 

problem [1] fulfils the following inequality 
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[2]                                                   ||),,(|| ku t . 

 

Otherwise, the trivial solution o  is instable in Liapunov sense. 

 

Definition 2. We say that the trivial solution o  of the system [S] is asymptotically stable in 

Liapunov sense, if the trivial solution o  is stable in Liapunov sense and there exists a real 

number 0  such that for all  ||||, kk H and every b  it holds that 

 

                                                .0||),,(||lim 


ku t
t

 

 

Definition 3. A special type [T] of the system [S] of the form 

 

[T]                                               
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is called a competent system to the equation [L]. 

 

Remark 2. We recall an important property of the system [T] which consists in a fact that 

a function )(tu  is a solution of [L] if and only if a vector ))(),(),(( 21 tuLtuLtu  is a solution of 

[T].  

 

Definition 4.  Let [L] be such an equation that the function 0  is a solution of [L] on ).,( b  

Then, according to Remark 2, the vector  )0,0,0(  is a solution of [T]. We say 0  is a stable 

solution of [L] in Liapunov sense, if )0,0,0(  is a stable solution of [T] in Liapunov sense. 

Otherwise, 0  is an instable solution of [L] in Liapunov sense. 

 

Definition 5. Let [L] be such an equation that 0  is a solution of [L] on ).,( b  Then, 

according to Remark 2, the vector )0,0,0(  is a solution of [T]. We say 0  is an asymptotically 

stable solution of [L] in Liapunov sense, if )0,0,0(  is an asymptotically stable solution of [T] 

in Liapunov sense. 

 

The main aim of the paper is to establish the criteria, which assure the asymptotic stability as 

well as instability of the null solution 0  of the equation [L]. If we put 1)( tpk
 on 

2,1),,(  kb  in [L], we obtain a differential equation with classic derivatives. We note that 

the functions 2,1),( ktpk  are not, in general, assumed to be differentiable. From this it 

follows that we cannot use on [L] stability criteria derived for nonlinear differential equations 

with classic derivatives. 

 

Auxiliary assertions 

 

Now we introduce some auxiliary assertions which are significant for our considerations. The 

first of them is the special case of the wellknown Hurwitz criterion when 3n (see (2), 

Chapter 9 or (3)): 
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Theorem 1. Let us consider a polynomial  

 

[3]                                              ,01

2

2

3

3 bsbsbsb   

 

where 3,2,1,0, ibi
 are real numbers such that .0,0 30  bb  Then all zeros of the 

polynomial [3] admit negative real parts if and only if it holds that 

 

[4]                                                       ,01 b  

[5]                                                 ,03021  bbbb  

[6]                                                .02

30321  bbbbb  

 

The second assertion deals with asymptotic criteria of stability in Liapunov sense for systems 

of differential equations of the first order (see (1), Chapter 13 or (4)): 

 

Theorem 2. Let us consider a system of differential equations of the first order expressed in 

the following matrix form 

 

[7]                              ),,t()t( xgxBAxx   ,),( oog t  

 

where A  is a real constant square matrix, )(tB  is a real square matrix depending on t  only, 

such that 

 

[8]                                                   ,)(lim 0B 


t
t

 

 

where 0  is a null matrix and g  a real vector function continuous on an area ,),( Hb  where 

,Eb satisfying a condition 

[9]                              0
||||

||),(||
lim

0| || |


 x

xg

x

t
uniformly for all .bt   

Then: 

[i]  If all eigenvalues of A have negative real parts, then the trivial solution o  of [7] is 

asymptotically stable in Liapunov sense. 

 

[ii]  If at least one of eigenvalues of A  has a positive real part, then the trivial solution o  

of [7] is instable in Liapunov sense. 

Theorem 3. Let 0
||||

||),(||
lim 1

0| || |


 x

xg

x

t
uniformly for all bt   as well as let 0

||||

||),(||
lim 2

0| || |


 x

xg

x

t
 

uniformly for all .bt   Then 0
||||

||),(||

||||

||),(||
lim 21

0| || |











 x

xg

x

xg

x

tt
uniformly for all bt  . 

Proof.  The proof immediately follows from the fact, that a norm of sum of two functions is 

less than or equal to sum of norms of these functions for any bt  . 

 

Results 

 

Now we shall prove the first main result of the paper – the criterion of asymptotic stability of 

the null solution 0  in Liapunov sense of the differential equation [L]: 
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Theorem 4. Let us consider the differential equation [L] such that 

 

[a]                                .2,1,0)(lim 


iatp ii
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Let ).,,( 321 wwww  If it holds that 

[b]                        ),,,,(),,,(lim 321321 wwwfwwwtf
t
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[d]  0
||||

|),,,(),,,(|
lim 321321

0| || |




 ww

wwwfwwwtf
uniformly for ),(  bt , 

then the null solution 0  of [L] on ),( b is asymptotically stable in Liapunov sense. 

Proof. The equation [L] can be expressed in the form 

   )].,,,(),,,([,,, 2102102103 yLyLyLfyLyLyLtfyLyLyLfyL   

The null solution 0  is, according to Definition 5, asymptotically stable in Liapunov sense, if 

the solution o  of the system [T] is asymptotically stable in Liapunov sense, where [T] is 

expressed in the form [U], where 

 

[U]                   ),,()( wgwBAww tt        ,),( oog t  

 

and 
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where we used on the function ),(1 wg t  which does not depend on the variable t the 

Taylor’s theorem with the remainder in the Lagrange’s form as .10,2 k  Then 
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Without loss of generality, we can assume that .]1,1[),,( 3

321 www  From this and from the 

continuity of all 2-nd order partial derivatives of the function f  it follows that there exists 

a positive real constant K such that 

[11]         )3,2(),3,1(),2,1(),(,),(,3,2,1,),(
2

1 2

2

2










jiK

ww

f
kK

w

f

jik

ww  

for all .]1,1[),,( 3

321 www  If we use the estimations [11] in the formula [10], we obtain 
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The squeeze theorem from Limit Theory yields that 
w

wg ),(1 t
 converges to zero as .0w  

This convergence is uniform because the term  321 wwwK   does not explicitly depend 

on the variable .t  From [b] as well as [d] we obtain 
w

wg ),(2 t
 uniformly converges to zero as 

.0w  Then Theorem 3 yields that [9] hold. We can easily observe a validity of the 

conditions [7], [8] in Theorem 2. The validity of condition [a], [c] assure that the conditions 

[4], [5], [6] hold in Theorem 1, where characteristic polynomial of the matrix A  is  

             ).,(
1
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1
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Then Theorem 1 yields that all the eigenvalues of A  have the negative real parts. 

Consequently, Theorem 2, the part [i] as well as Definition 5 yield the required stability of the 

null solution 0  of [L]. 

 

Example 1. Let us consider the differential equation [L], where ,
1

2)(1
t

tp 
t

tp
1

3)(2   

and 
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Then  
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It is obvious that Assumption, mentioned after Remark 1, hold for .2b  An easy computing 

yields that the nonlinear differential equation [L] admits the null solution 0  as well as 

3),(,2),(,1),(,3,2
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follows the validity of [a], [b] and [c] in Theorem 4. Then 
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From this immediately follows 0
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uniformly for 

),(  bt  because of the expression 
3

1w  does not depend on the variable .t  Consequently, 

the condition [d] in Theorem 4 holds. Then the last mentioned theorem yields required 

stability of the null solution 0 of the equation [L].  

 

Now we shall prove the second main result of the paper – the criterion of instability of the 

null solution 0  in Liapunov sense of the differential equation [L]: 

 

Theorem 5. Let us consider the differential equation [L] such that  
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           is positive, 
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uniformly for ),(  bt , 

 

then the null solution 0 of the equation [L] is instable in Liapunov sense. 

 

Proof. The null solution 0  of [L] is, according to Definition 4, instable in Liapunov sense, if 

the solution )0,0,0(  of the system [U] is instable in Liapunov sense. By the same way as in 

the proof of Theorem 4, it can by proved the validity of [9]. We can easily observe the 

validity of the conditions [7], [8] in Theorem 2. Then the last mentioned Theorem, the part [ii] 

yields the required instability of the null solution 0  of [L]. 
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Example 2. Let us consider the equation [L], where ,
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It is obvious that Assumption, mentioned after Remark 1, hold for .2b  An easy computing 

yields that the function 0  is the null solution of the differential equation [L] as well as 

.3),(,2),(,1),(,3,2
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follows the validity of  [a] and [d].  By  the  same way as  in  Example 1 it  can be  proved the 

property [c’].  Then the characteristic polynomial of A  is  

.
6

1

3

2
3)( 23  ssssh  

There are two possibilities only: 1) )(sh  admits three real zeros. Then their product is equal 

to 6/1 . It means, that all these zeros differ null. If all these zeros were negative, then their 

product would be negative, which is a contradiction. 2) )(sh  admits one real zero a  and two 

complex zeros .cib  Then their product )( 22 cba   equals to 6/1  again. If ,0a  then this 

product would be nonpositive. Thus .0a  Then, owing to Theorem 5, the function 0  is an 

instable solution of [L] in Liapunov sense. 

 

Conclusion 

 

The foregoing results can be used for ordinary nonlinear differential equations with 

quasi-derivatives. Especially, when the functions )(),( 21 tptp  are not differentiable on 

a considered interval, where classical stability criteria cannot be used. The differential 

equations in applications where the quasi-derivatives have been occurred are, for example, the 

differential equations describing a stationary distribution of temperature in a wall of a circle 

tube as well as the differential equations of an equilibrium state of a straight mass bar. For 

more details see (6). 
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